Influence of wall impedance and self-fields on the cyclotron maser instability J. Appl. Phys. 106, 053110 (2009) This paper presents a quasilinear analysis of the relativistic electron cyclotron maser instability in which the self-consistent set of equations governing the evolution of the particle distribution function and the energy spectra of unstable waves is numerically solved for parameters typical of the Earth's auroral zone plasma, taking into account both resonant and non-resonant diffusions. The results obtained show that only 0.1%ϳ0.2% of the particle energy is converted into wave energy by the loss cone instability, and also show that the saturation amplitude for the extraordinary mode increases in proportion to the ratio between electron cyclotron frequency and electron plasma frequency, in agreement with previous results obtained with numerical simulations. © 1997 American Institute of Physics. ͓S1070-664X͑97͒04407-8͔
I. INTRODUCTION
In natural plasmas and in laboratory experiments instabilities may be driven by inversion of the electron population in the direction perpendicular to the ambient magnetic field. For instance, this kind of instability is present in laboratory microwave generation devices, 1, 2 and it is believed that it is also responsible for the phenomenon known as the Earth's kilometric radiation. It has also been conjectured that the same class of instabilities can be found in a variety of other situations, such as in astrophysical radio sources, [26] [27] [28] planetary radio emissions, [29] [30] [31] [32] and solar microwave bursts. [33] [34] [35] [36] [37] The theoretical analysis of this kind of instability requires relativistic effects in the description of the wave-particle interaction, and the instability is therefore called the relativistic electron cyclotron maser in the literature. The existing literature on the cyclotron maser instability has usually emphasized linear features of the instability. The discussions which incorporate nonlinear features have frequently employed numerical simulation methods. 10, 11, 20, 22 Some attempts have been made, however, to study the nonlinear stage of the instability by the use of quasilinear theory. [34] [35] [36] 4, 21, 23 Among these attempts, particularly interesting for the present investigation is the work developed in Refs. 35 and 36 , in which the set of fully self-consistent quasilinear particle and wave kinetic equations has been numerically solved, using the cold plasma dispersion relation and assuming that the cold electrons support the waves while the energetic population contributes to the growth of the waves.
Another recent investigation about the quasilinear evolution of the cyclotron maser instability, which also assumed that the instability is driven by a tenuous population of energetic electrons while a cold background plasma supports the wave motion, has been developed in Ref. 38 . The approach utilized in Ref. 38 makes use of a model timedependent distribution function and employs moments of the quasilinear equation, in order to obtain the time evolution of parameters of the distribution. The method has been employed for the study of a region of parameters for which the competition between different wave modes may be very important, and the conclusion has been that the mode with larger initial growth rate does not necessarily prevail over modes with smaller initial growth rates, in the late stage of the time evolution. 38 The moment method has also been employed in another investigation, which fully incorporated thermal effects as well as the effect of the energetic electrons in the dispersion relation. 39 The method has been applied for parameters typical of the Earth's auroral zone, for a situation in which the relevant unstable modes are the fundamental extraordinary and ordinary modes. The results indicate that in the case of higher population of energetic electrons the fast diffusion saturates early the instability, at a wave level which is not very different from the level attained in the case of smaller population of energetic electrons.
For the present investigation on the quasilinear evolution of the electron cyclotron maser instability, however, we develop a formulation which does not make use of the moment method, deriving instead a quasilinear equation which can be numerically solved for the time evolution of the electron distribution function, self-consistently with the spectra of unstable waves. Both resonant and non-resonant diffusion are incorporated to the quasilinear equation. The formalism utilizes a dispersion relation in which thermal effects are fully taken into account, including the contribution of both the background electronic population and the population of energetic electrons ͑it has been demonstrated that these thermal effects can be important for the case of extraordinary mode waves with frequency near the electron cyclotron frequency 6 ͒. For the numerical application of the formulation, we choose parameters motivated by the so-called auroral kilometric radiation ͑AKR͒. As it is known, this radiation phenomenon was first observed in the late 1960s and early 1970s, 40 and was successfully explained in terms of the weakly relativistic maser instability by Wu and Lee, 3 which identified the source of the instability as the loss-cone electrons that are formed when the energetic electrons injected a͒ Electronic mail: ziebell@if.ufrgs.br from the geomagnetic tail region are reflected by the converging geomagnetic field. We therefore assume a lowtemperature background electron component along with a more energetic loss-cone population, and use a model losscone distribution as the initial state of the energetic electrons, along with a time-varying wave spectra in the unstable range of frequencies.
The organization of this paper is the following. In Sec. II we introduce the model electron distribution functions utilized as starting conditions for the time evolution, outline the derivation of the quasilinear equation and present a brief discussion on the dispersion relation for electromagnetic waves and on the procedure for obtaining the growth rate of the unstable waves. In Sec. III we briefly describe the method employed for the numerical solution of the quasilinear equation, and present the results of a numerical analysis, made for parameters typical of the auroral zones of the Earth. Finally, Sec. IV summarizes and discusses the results.
II. GENERAL FORMULATION
We are interested in instabilities that operate in the vicinity of the electron cyclotron frequency and/or its harmonics. Due to the high frequency nature of the waves, the ion response to any perturbation can be ignored, and therefore the ions only provide for charge neutrality. The electrons are assumed to feature a relatively cold component with density n b and an energetic component with density n h , possessing a one-sided loss-cone structure in momentum space. The geometry is such that the ambient magnetic field lies along the z direction (B 0 ϭB 0 e z ), with the wave vector k situated in the xϪz plane, kϭk sin e x ϩk cos e z .
A. Initial electron loss-cone distribution
The cold background population is represented by a low temperature Maxwellian distribution function
where ␣ b 2 ϭ2T b /m e c 2 , with T b being the temperature of the background electrons measured in energy units and m e the electron mass. This background distribution is assumed to remain stationary along the time evolution of the system.
As the initial distribution function for the energetic electrons we assume the following model distribution function:
where
The parameter ␦ is related to the loss-cone angle LC , according to the following expression:
The total thermal energy associated with the energetic loss-cone electrons is given by E/m e c
Using the relation Eϭ3n h T h /2 the effective temperature of the loss-cone electrons can be related to the parameter ␣ as T h ϭm e c 2 ␣ 2 /2. Of course, ␣(0) appearing in Eq. ͑2͒ is the initial value of the quantity ␣. The variables u and appearing in Eqs. ͑1͒ and ͑2͒ are, respectively, the absolute value of the normalized momentum uϭp/(m e c) and the cosine of the pitch angle.
B. Quasilinear formalism
We have assumed stationary background distribution. However, the energetic electron distribution may evolve in time. If the wave level is sufficiently small, this evolution may be described by the quasilinear approach. Following a standard textbook procedure, it is possible to arrive to the following expression for the quasilinear kinetic equation for the energetic electron component:
and where summation over unstable modes is implicit. 39 The quantity is the normalized time ϵ͉⍀ e ͉t, N ʈ is the parallel component of Nϭck/, ⍀ e is the electron cyclotron frequency, and Y ϭ͉⍀ e ͉/. Some details of the derivation of Eq. ͑4͒ appear in the Appendix, including the expression for ͉â k •⌸ n ͉ 2 in terms of the components of the dielectric tensor. In Eq. ͑4͒ the spectral wave energy density has been expressed as a function of the normalized quantities qϵck ʈ /͉⍀ e ͉ and wϵ/͉⍀ e ͉. The spectral density is a time dependent quantity, which evolves in time according to
where the normalized growth rate w i ϭIm(w) can be selfconsistently obtained from the dispersion relation. The perpendicular component of the wave vector (N Ќ ), appearing in ͉â k •⌸ n ͉ 2 , can also be obtained from the dispersion relation as a function of N ʈ and w, with N ʈ given by N ʈ ϭq/w.
In the derivation leading to Eq. ͑4͒ vanishing growth rates have been assumed, and therefore only the effect of resonant diffusion remains operative in the quasilinear evolution. However, non-resonant diffusion can be introduced at this stage, by the following procedure:
Therefore, considering that for the unstable waves the growth rates are small but finite, the components of the diffusion tensor appearing in Eq. ͑4͒ can be written as follows:
Moreover, for small growth rate, it is possible to approximate D ab ӍD ab r in the resonant region, where
͑7͒
On the other hand, for (wϪn/␥Ϫqu ʈ /␥) 2 ӷw i 2 , the imaginary part of w can be neglected in the denominator and the non-resonant contribution to the diffusion tensor is obtained,
where we have further approximated (wϪ (n/␥)
C. Dispersion relation
The dispersion relation is written as
where A, B and C are coeficients depending of the components of the dielectric tensor and on N ʈ . Explicit expressions for A, B and C can be found in Ref. 39 and will not be repeated here. The components of the dielectric tensor are denoted as i j , and can be written as follows:
and where the summation over ␣ is over electron species. For these expressions, we have defined
and X ␣ ϭ p␣ 2 / 2 , where p␣ ϭ(4n ␣ e 2 /m e ) 1/2 is the electron plasma frequency for species ␣ ͓We define the total electron plasma frequency by pe ϭ(4n T e 2 /m e ) 1/2 , where n T ϭ ͚ ␣ n ␣ is the total electron density.͔ The coefficients s i j (n,m) can also be found in Ref. 39 and will not be repeated here.
The I ␣ (n,m,l) integrals defined in Eq. ͑10͒ can be separated into real and imaginary parts, with the real part given by the principal part of the integral and the imaginary part being the contribution of the resonance ͓I ␣ (n,m,l)
As it is known, the imaginary part I ␣ Љ (n,m,l) is very sensitive to features of the distribution function along the resonance curve in momentum space. The exact position of the resonance curve is very important for the correct description of wave particle resonance, and relativistic effects must be incorporated for the correct evaluation of the imaginary parts. Therefore, the modifications in the distribution function of energetic electrons which happen along the time evolution must be taken into account in the evaluation of the imaginary parts of I ␣ . In our formulation these integrals are evaluated numerically at each time step of the evolution, using the actual distribution function. Due to the azimuthal symmetry of the distribution function and to the delta function appearing in I ␣ Љ (n,m,l), only the u ʈ integral must be numerically performed.
On the other hand, the principal parts are dependent upon the integrated distribution and usually can be regarded as rather insensitive to detailed features in the distribution, unless some peculiar circumstances are satisfied. 42 This virtual independence on detailed features of the distribution justifies further approximations, which contribute very much to speeding up the quasilinear code. When evaluating the principal part of the integral I ␣ (n,m,l) for the energetic distribution we neglect the dependence of the distribution, thereby considering a Maxwellian distribution. Moreover, in order to avoid repeated evaluations, for the principal part we assume that the temperature of the distribution is constant along time evolution ͑a hypothesis which can be verified a posteriori, after application of the quasilinear procedure͒. These are the same hypotheses made in Ref. 39 , and there-fore the principal part of the integral I h (n,m,l) for the energetic population can be given by Eq. ͑19͒ of Ref. 39 , and does not need to be repeated here. Similarly, the quantity e 33 for the energetic particles can be given by Eq. ͑21͒ of Ref. 39 .
For the case of the background distribution, which remains stationary throughout the time evolution, the same considerations can be made. Therefore, I b Ј(n,m,l) and e 33 are given by the two Eqs. ͑22͒ of Ref. 39 . The imaginary part I b Љ(n,m,l), which does not evolve in time, can be given by Eq. ͑23͒ of Ref. 39 .
D. Derivation of the growth rates
The instantaneous growth rate, which is necessary for quasilinear evolution of the wave, is obtained from the solution of the dispersion relation. However, the dielectric tensor which appears in the coefficients of Eq. ͑9͒ exhibits a complex dependence on , when thermal effects are taken into account. As a consequence, the obtainment of the wave frequency as a function of k, for a given mode, is not a trivial task, requiring sophisticated and time-consuming numerical procedures. In order to overcome this difficulty and to make the present quasilinear treatment tractable, we employ an approximate procedure, which turns out to be quite satisfactory as far as the frequency range in which significant growth occurs is not in the range of anomalous dispersion, and as far as the group velocity does not approach zero. The procedure has already been explained in Ref. 39 , and will be only briefly exposed here.
We obtain the growth rate as follows. The dispersion relation as given by Eq. ͑9͒ is formally written as a quartic equation, with N Ќ as the unknown. Therefore, the roots can be formally written as
where the coefficients A, B, and C are in general functions of N Ќ . An iterative procedure is applied to Eq. ͑11͒, starting with the evaluation of the cold plasma root corresponding to a specific mode, for a given value of the real wave frequency. The quantity N ʈ is treated as a parameter, since in the slab geometry the parallel component of the refraction index is constant along the trajectory of the radiation. Since away from the resonance the refraction index is real, the constancy of N ʈ along the ray in the proposed geometry assures that it is a real parameter.
The iterative procedure provides a complex value of N Ќ ͑or k Ќ , since these quantities are proportional͒. For a finite group velocity, negative imaginary part of the wave vector implies that the wave amplitude grows convectively. Due to the finite group velocity, the growth along the ray path can be expressed equivalently as a temporal growth. This leads to an approximate expression for the growth rate,
where v gx is the x component of the group velocity, and k i is the imaginary part of k Ќ .
III. NUMERICAL ANALYSIS AND RESULTS
Here the formalism developed in the previous section is applied to a situation typical of the auroral zones of the Earth. The parameters which are relevant for the application are the ratio of electron plasma to electron cyclotron frequency, ϵ pe /⍀ e , the ratio between the energetic electron density and the background electron density, ϵn h /n b , the background electron temperature T b , and the initial values of the effective temperature of the energetic electrons, T h , the loss cone angle, and the ratio between wave energy and particle energy.
In the auroral regions, it is recognized the existence of a population of hot electrons of magnetospheric origin, with effective temperature near 4 keV, which prevails over the cold population for zտ1.5 R E , where R E is the radius of the Earth, while the cold population dominates at low altitudes. It is also known that the ratio of plasma to cyclotron frequency is lower than ϭ0.1 for 1.1 R E ՇzՇ2 R E , approaching ϭ1 for z→4 R E , with recent observations emphasizing the occurrence of low density plasmas (n e Ͻ1 cm Ϫ3 ) in the source region of the AKR. 43, 44 Taking these conditions into account, we do not assume any predominant electron population, using ϭ1 in the application which follows. The background temperature is assumed to be T b ϭ0.2 keV, the energetic temperature T h ϭ4 keV, and the loss-cone angle is taken as LC ϭ30°͑corre-sponding to ␦ϭ0.1017304). With these assumptions, we investigate the quasilinear evolution of the instability for low values of the parameter , a situation which may be relevant for the AKR.
A. Numerical implementation of the quasilinear formalism
The solution of the dispersion relation for the initial conditions shows that the relevant modes are the fundamental X and O modes. The harmonics of these modes could be included in the analysis, in principle, but they are only weakly unstable when compared with the fundamental modes, and will therefore be neglected. The W mode is also stable, as well as the Z mode, which can play a very relevant role for higher density cases. 38 We therefore proceed with the quasilinear evolution of the waves and the electron distribution function. We assume that the distribution of the spectral energy is uniform over the initially unstable region in (w,q) space, and vanishes outside of this region. The initial amplitude of the wave energy for each mode is determined by the initial value of the integrated spectrum, E wave (0). Since only the fundamental X and O modes are relevant, they are the only modes included in the formulation. For the sake of simplicity, we assume the same initial level of wave energy for each mode, choosing the wave energy such that E wave X (0)/E particle (0) ϭE wave O (0)/E particle (0)ϭ1.0ϫ10 Ϫ4 , where E wave X (0)/ E particle (0) and E wave O (0)/E particle (0) are, respectively, the initial values of the ratio between wave energy in the X and O modes and particle energy associated with the energetic electrons,
where k is a unitary wave vector. The time evolution proceeds by taking into account the unstable range of the wave field, for the evaluation of the diffusion coefficient utilized in the quasilinear equation, Eq. ͑4͒. The wave energy therefore increases while there is an unstable region in (w,q) space. Re-absorption of wave energy by the particles is not included in the analysis, and spontaneous emission has not been considered.
The equation for the time evolution of the distribution function is transformed into a set of finite difference equations in the (u,) space, using centered derivatives for the points inside the grid, and special equations using forward and backward derivatives at the extremes of the interval. We have considered a grid of 61ϫ31 points in this space, for 0рuрu lim ͑assuming u lim ϭ0.5), and for Ϫ1рр1. Since for the unstable waves the wave-particle resonance occurs for small values of u, it is expected that the significant modifications of the distribution function will be restricted to this region, and therefore the distribution function is assumed to remain constant at uϭu lim . For the wave spectra, we have used a 31ϫ31 grid in (w,q) space, concentrated in the region where the growth rates are significant. For the solution of the finite difference equations, we have used the method ADI ͑implicit in alternated directions͒, which leads to a tri-diagonal system of equations that can be solved by conventional methods. 45, 46 In the dispersion relation we have neglected harmonics and utilized the small Larmor radius approximation.
B. Results of the numerical analysis
We start the analysis by considering that both resonant and non-resonant diffusion are taking place. Although the values of the non-resonant diffusion coefficient are expected to be negligible when compared to the values of the resonant diffusion coefficient, non-resonant diffusion may be nevertheless effective, causing re-distribution of the particle population modified by the resonant interaction.
Initially we consider the case of ϭ0.01, and show in q approximately coincides with the propagation angle, for wӍ1 and refractive index Ӎ1, which is the case except near the cut-offs. The time step utilized in the calculation has been ⌬ϭ500. Considering the magnitude of the normalized growth rates, this value guarantees that the wave fields evolve very little in each time step, as required for the validity of the quasilinear treatment. Figure 1͑a͒ shows the initial values of the normalized growth rates for the X mode. It is seen that the absolute values of the growth rates are very small as compared to the values of the real frequencies, which is a requirement for the use of quasilinear theory. Figures 1͑b͒ and 1͑c͒ show, respectively, the normalized growth rates for the X mode at ϭ2.0ϫ10 4 and at ϭ5.0ϫ10 4 . When comparing with the corresponding values at ϭ0 in Fig. 1͑a͒ , it is noticeable the reduction of the normalized growth rates, especially in the regions of (wϪq) space where they were more conspicuous at ϭ0. Similar considerations can be made about the O mode growth rates, appearing in Fig. 2 .
The time evolution of the distribution function for magnetospheric electrons can be observed in Fig. 3 , where we display three-dimensional surface plots of f h , for the same case ϭ0.01. Panel ͑a͒ shows the initial distribution function, at ϭ0, and panel ͑b͒ shows the distribution function at ϭ2.0ϫ10 4 . It is possible to see the partial filling of the loss-cone region, which continues and becomes more pronounced, as shown by panel ͑c͒ of Fig. 3, for ϭ5.0ϫ10 4 . The evolution at this time is already quite slow, and the partial filling of the loss-cone region remains visually almost unchanged for larger values of . These results show that the distribution function stabilizes asymptotically with a remaining degree of anisotropy which does not disappear due to the maser instability. The ''hole'' appearing for small values of u is not really a hole in the total distribution function, since it is filled up by the low temperature background particles. The modification of the distribution function can be seen from a different point of view in Fig. 4 , in which we show the evolution of the parameter ␣() as a function of normalized time , for three values of (ϭ0.01, 0.03, and 0.05). For ϭ0.03 and 0.05 the time steps utilized have been ⌬ϭ167 and ⌬ϭ100, respectively. This parameter ␣ is related to the energy content of the energetic distribution function (E is proportional to ␣ 2 ), and the result indicates the relatively small decrease in the energy content of the magnetospheric electron distribution, due to the maser instability, for the three cases considered. The small decrease in the temperature of the energetic electrons justifies the assumption of constant temperature, made for the evaluation of the Hermitian part of the dielectric tensor.
The time evolution of E wave /E particle (0) is displayed in Fig. 5 . Panel ͑a͒ shows the case of the X mode, and panel ͑b͒ the case of the O mode. The asymptotic value of E wave /E particle (0) for the X mode appears to be nearly pro- These results indicate that the evolution is qualitatively similar in the whole range of values of considered in the present application. The quantitative difference is the saturation level of the wave energy, which increases with the decrease of , and the time scale for the evolution. The diffusion time is larger for smaller , due to the smaller growth rates. The amplitude of the wave field therefore grows at a slower pace, and the ensuing slow diffusion keeps the waves growing longer time than in the case of large . For the parameters considered, only 0.1%ϳ0.2% of the particle energy is finally converted into wave energy by the instability, an efficiency similar to that obtained with another quasilinear approach using a cold plasma dispersion relation. 35 At this point it is useful to comment upon some of the properties of the code utilized. As it is well known, quasilinear theory conserves the number of particles, as well as momentum and energy of the wave-particle system. However, some approximations have been introduced in the present quasilinear approach, and it is useful to analyze the outcome of the calculations.
For instance, considering the case of ϭ0.05, we have tested the code and verified that the normalization of the distribution decreases by a factor Ӎ1.5ϫ10
Ϫ3 , for between 0 and 1.0ϫ10 4 . This small decrease could be nonetheless relevant for the energy content of the distribution, since the efficiency of energy conversion is expected to be less than 1% of the total particle energy. Therefore, we introduced a renormalization of the distribution function at each time step, which assures the property of conservation of number of particles, as required by quasilinear theory. The results presented in this section have been obtained using this renormalization along the time evolution.
As far as energy conservation is concerned, we have obtained results which are qualitatively consistent but quantitatively sensitive to small changes in the parameters of the numerical solution, due to the very small relative modification in particle energy ͑less than 1%). The loss of energy by the particles may be evaluated from the initial and present values of ␣ ⌬E particle ϭ͑␣ 2 /␣ 0 2 Ϫ1 ͒E particle ͑ 0 ͒, while the increase in the wave energy comes directly from the addition of the X and O contributions as given by Fig. 5 , at each value of .
In Fig. 6 we plot the quantity ͉⌬E p /⌬E w ͉, for ϭ0.01, 0.03, and 0.05, where the indexes p and w stand for ''particle'' and ''wave,'' respectively. The case of ϭ0.01
is shown in Fig. 6͑a͒ , where the bold line indicates the result obtained when non-resonant diffusion is taken into account along the quasilinear evolution. It is seen that, after a transient phase, the quantity ͉⌬E p /⌬E w ͉ stabilizes very near unity, indicating good properties of energy conservation. If the calculation is made for the same parameters without taking into account the non-resonant diffusion, we obtain the result denoted by the thin line in Fig. 6͑a͒ . This result is qualitatively similar to that obtained with non-resonant diffusion, but stabilizes around ͉⌬E p /⌬E w ͉Ӎ1.15, indicating worst energy conservation.
For other values of the time evolution is similar, as shown by Figs. 6͑b͒ and 6͑c͒ for ϭ0.03 and ϭ0.05, respectively. It can be seen that the asymptotic value of the ratio ͉⌬E p /⌬E w ͉ is progressively more distant from unity. It can also be seen that this ratio is larger when non-resonant diffusion is not taken into account in the quasilinear equation. Therefore, the results shown in Fig. 6 indicate that the approximations introduced in the present treatment, either analytically or numerically, are progressively less adequate as the parameter is increased. However, although the energy conservation feature of the code becomes very poor for increasing , other features of the quasilinear evolution are similar to those obtained in the case of small , and therefore the results obtained in the whole range of can be regarded at least as qualitative indications upon the actual behaviour of the solution.
One of the qualitative features which emerge from the results obtained is indeed the effect of non-resonant diffusion. The results show that the energy conservation is more strongly violated when non-resonant diffusion is neglected than when it is taken into account, specially for larger values of ͑when the growth rates are larger͒. The comparison between the asymptotic values indicated by the bold lines and the thin lines in Fig. 6 indicates that a significant part of the energy lost by resonant particles is not really going into wave growth but is redistributed among the particles by nonresonant diffusion. This redistribution of energy by nonresonant diffusion has already been recognized in simpler situations, as in the textbook case of the ''bump-in-tail'' instability, 41 but it is usually not taken into account in quasilinear calculations.
Finally, it is interesting to compare the asymptotic distribution function obtained for the energetic electrons with the distribution obtained in a quasilinear analysis using moments of the quasilinear equation. 38, 39 As expected, some features of the quasilinear evolution obtained with the simplified moment approach are qualitatively similar to those obtained with the present full numerical solution, but interesting details of the evolution of the distribution function are described here which can not be observed with the simplified approach. The difference is visually observable in the shape of the asymptotic distribution function, in three-dimensional ͑3D͒ plots like those of Fig. 3 . The anysotropy depicted in Fig. 3͑c͒ is different from the residual anisotropy which can be seen in Fig. 1͑c͒ 
IV. SUMMARY AND CONCLUSIONS
In the present paper we have carried out a quasilinear analysis of the electron cyclotron maser instability driven by a loss-cone population, introducing thermal effects and using the full dispersion relation in the quasilinear treatment of the loss-cone instability. As an application of the formalism, we have chosen a set of parameters typical of the Earth's auroral zone plasma, which may be relevant to the description of the auroral kilometric radiation. For the parameters chosen, the ratio between electron plasma frequency and electron cyclotron frequency is sufficiently small in order that the only relevant unstable modes are the fundamental X and O modes. In the present investigation, we did not conduct a general numerical investigation of the effect of the many parameters involved, prefering instead a single example as illustration of the use of the formalism. In general, it is not possible to foresee the effect of a given parameter. For instance, a parameter which certainly is significant for the growth rate and the saturation level of the instability is the loss-cone angle. However, there are many features to be considered. On one hand, smaller loss-cone angles are easier to fill-up, which could imply faster saturation of the quasilinear process. On the other hand, smaller loss-cone angles feature sharper gradients in velocity space, which may imply larger initial growth rates in some frequency range, and therefore faster wave growth. Therefore, only a careful investigation can display the actual dependence on this parameter.
In addition to the parameters, there are other potentially interesting features involved. For instance, different forms of the initial distribution function, while conserving the losscone character, may give rise to different initial growth rates and possibly non-trivially modify the outcome of the calculation. We intend to investigate these non-trivial features in the near future, and report any interesting findings in a forthcoming publication.
The numerical analysis of the self-consistent set of equations governing the evolution of the particle distributions and the wave fields, for the case considered, demonstrated that only 0.1%ϳ0.2% of the particle energy is converted to wave energy by the loss-cone instability. The dependence of the amplification efficiency on the frequency ratio pe /⍀ e has been briefly discussed, and it has been seen that the saturation amplitude for X mode waves increases when this frequency ratio is decreased, in agreement with results previously obtained by means of numerical simulations. Of course, the agreement in this feature does not mean complete equivalence between the present quasilinear results and results obtained by numerical simulations. Numerical simulations, as well as quasilinear simulations, can be made with a variety of constraints and assumptions, and detailed comparisons are usually difficult and not conclusive.
The formalism and the numerical analysis utilized incorporated both resonant and non-resonant diffusion in the quasilinear equation for the particle distribution. The numerical results have indicated that the effect of non-resonant diffusion is significant and increases with the increase of the ratio pe /⍀ e , due to the larger growth rates. Although the results regarding energy conservation are only qualitative, the indication is that a considerable fraction of the energy involved in wave-particle resonance processes is not converted into wave energy, being only redistributed among the particles by non-resonant diffusion. When non-resonant diffusion is not considered, this fraction of energy simply disappears from the system and the energy conservation properties of the numerical solution considerably degrade.
The comparison between the results of the present full numerical approach and the results obtained in previous studies which utilized a moment method for the time evolution of the distribution function indicates that the moment method super estimates the efficiency of energy conversion and predicts larger wave amplification than the full numerical method, for the same parameters. The time scale for saturation predicted by the full numerical approach is considerably shorter than predicted by the moment method. The distribution functions found with the use of these two approaches feature some differences visually perceptible in 3D plots, although both methods predict that the asymptotic state of the instability is attained with partial filling up of the loss-cone, with certain degree of pitch angle anisotropy remaining in the distribution function.
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APPENDIX: SUMMARY OF THE DERIVATION OF THE QUASILINEAR EQUATION
The quasilinear kinetic equation for the energetic electron component may be derived with the use of a standard textbook procedure, resulting
